Abstract. -The traditional nuclear shell model approach is extended to include many-body forces. The empirical Hamiltonian with a three-body force is constructed for the identical nucleons on the 0f 7/2 shell. Manifestations of the three-body force in spectra, binding energies, seniority mixing, particle-hole symmetry, electromagnetic and particle transition rates are investigated. It is shown that in addition to the usual expansion of the valence space within the tranditional two-body shell model, the three-body component in the Hamiltonian can be an important part improving the quality of the theoretical approach.
(n) where the rotationallyinvariant n-body part is
p-1 A. Volya the isospin label is omitted here for the sake of simplicity. The operators T (n) † LM (α) are normalized, i.e. 0|T
(n) (1) + H (2) which is a sum of the s.p. (n = 1) and the two-body (n = 2) terms. In the two-body part the coefficients C LM 12 are proportional to the Clebsch-Gordan coefficients and the index α is uniquely identified by the s.p. levels involved. For n > 2 the index α must include additional information about the coupling scheme, the choice of which, in general, is not unique. In numerical work it is convenient to define the coefficients C LM 12...n (α) and the normalized n-body operators T (n) LM (α) using a set of orthogonal eigenstates |LM α = T (n) † LM (α)|0 of some n-particle system, see also [9] . Here we study identical nucleons in a single-j 0f 7/2 shell; see Refs. [7, [10] [11] [12] [13] for past works in this mass region. The best experimentally explored systems are N = 28 isotones starting from 48 Ca considered as a core with protons filling the 0f 7/2 shell and the Z=20 40−48 Ca isotopes with valence neutrons. The experimentally known states identified with the f 7/2 valence space are listed in Tab. 1.
The three-body interactions influence nuclear masses and result in important monopole terms [4] . The violation of particle-hole symmetry is related to this. Within the traditional SM in single j-shell, with occupancy Ω = 2j + 1, this symmetry makes the spectra of the N andÑ -particle systems (Ñ = Ω−N ) identical, apart from a constant shift in energy. Indeed, the particle-hole conjugation C defined withã † jm ≡ Ca † jm C −1 = (−1) j−m a j−m transforms an arbitrary n-body interaction into itself plus some Hamiltonian of a lower interaction-rank H ′ n−1 , as follows:
The n = 1 case corresponds to the particle numberÑ = −N + Ω. For the n = 2 we obtain a monopole shift
Any H (1) is proportional to N and is thus a constant of motion, which explains the particlehole symmetry for the two-body Hamiltonian. The n ≥ 3 interactions violate this symmetry leading to different excitation spectra of N -andÑ -particle systems. The deviations from exact particle-hole symmetry are seen in the experimental data, Tab. 1. The excitation energies of ν = 2 states in N = 2 system are systematically higher than those in the 6-particle case pointing on a reduced ground state binding.
The j = 7/2 is the largest single-j shell for which the seniority, the number ν of unpaired nucleons, is an integral of motion for any one-and two-body interaction [10, 14] . It is established experimentally that seniorities are mixed [15, 16] . Configurations beyond the single-j shell [8, [17] [18] [19] have been suggested to explain the effects; however, the possible presence of the three-body force must be addressed. In a single-j shell the pair operators T (2) 00 , T (2) † 00 and the particle number N form an SU(2) rotational quasispin group. The quantum numbers ν and N are associated with this group. The invariance under quasispin rotations relates states of the same ν but different particle numbers N . For example, excitation energies of ν = 2 states are identical in all even-particle systems. The classification of operators according to quasispin leads to selection rules. The s.p. operators associated with the particle transfer permit seniority change ∆ν = 1. [16, 18] . The one-body multipole operators are quasispin scalars for odd angular momentum, and quasispin vectors for even. Thus, the M 1 electromagnetic transitions do not change quasispin. In the mid-shell the quasi-vector E2 transitions between states of the same seniority are forbidden. The seniority mixing between the ν = 2 and ν = Table 1 : States in f 7/2 valence space with spin and seniority listed in the first and second columns. A * denotes seniority mixed states in 3Bf 7/2 and the seniority shown reflects the seniority assignment in the 2Bf 7/2 model. In order to distinguish among the mixed states of the same spin-label (first column) we include an additional subscript reflecting the order in which they appear in the energy spectrum. Following are columns with data for N = 28 isotones and Z = 20 isotopes. Three columns for each type of valence particles list name and excitation energy, experimental binding energy, and energy from the three-body SM calculation discussed in the text. All energies are in MeV's.
exception of interaction between ν = 1 nucleon triplets given by the strength V
7/2 . To determine the interaction parameters of H 3 we conduct a full least-square fit to the data points in Tab. 1. This empirical method, which dates back to Refs. [10, 20] , is a part of the most successful SM techniques today [21] . Our procedure is similar to a two-body fit in sec. 3.2 of Ref. [22] , but here the fit is nonlinear and requires iterations due to seniority mixing. In Tab. 2 the resulting parameters are listed for the proton (fixed N = 28) system p-3 and neutron (fixed Z = 20) system. The two columns in each case correspond to fits without (2Bf 7/2 left) and with (3Bf 7/2 right) the three-body forces. The root-mean-square (RMS) deviation is given for each fit. The confidence limits can be inferred from variances for each fit parameter given within the parentheses. The lowering of the RMS deviation is the first evidence in support of the three-body forces; for Z = 28 isotones it drops from 120keV to about 80keV. All three-body parameters appear to be equally important, excluding any one of them from the fit raises the RMS by about 10%. In contrast, inclusion of a four-body monopole force based on ν = 0, L = 0 operator led to no improvement. The fit parameters remain stable within quoted error-bars if some questionable data-points are removed. The energies resulting from the three-body fit are listed in Tab. 1. Based on the RMS alone this description of data is quite good, even in comparison with the available large-scale two-body SM calculations in the expanded model space [19, 23] .
The proton and neutron effective Hamiltonians are different, Tab. 2. The s.p. energies reflect different mean fields; and the two-body parameters, especially for higher L, highlight the contribution from the long range Coulomb force. However, within the error-bars the three-body part of the Hamiltonians appears to be the same which relates these terms to isospin-invariant strong force.
A skeptic may question some experimental states included in the fit, thus we conduct a minimal fit considering binding energies of ground states only, similar to Ref. [10] . We include a seniority conserving part given by V jm ∼ a † jm T (2) 00 . This interaction is the main three-body contribution to binding and is equivalent to a density-dependent pairing force [24] . In a single-j model it can be treated exactly with a renormalized particle-number-dependent pairing strength V
j . From relations in Refs. [10, 13] , the ground state energies with ν = 0 or 1 are
where
j . With a linear least-square fit and Eq. (3) we determine s.p.
p-4
Manifestation of three-body forces in f 7/2 -shell nuclei. energy ǫ, pairing V
0 , monopole M , and 3-body interaction V
7/2 (3) using 8 binding energies. The results, shown in Tab 3, are consistent with the full fit in Tab. 2, the repulsive nature of the monopole V (3) 7/2 is in agreement with other works [25] . Next we concentrate on 52 Cr, Fig. 1 . In addition to the 2Bf 7/2 and 3Bf 7/2 interactions from Tab. 2 we perform a large-scale SM calculations 2Bf 7/2 p (which includes p 1/2 and p 3/2 ) and 2Bf p (entire f p-shell, truncated to 10 7 projected m-scheme states) using FPBP two-body SM Hamiltonian [26] . The 2Bf 7/2 p model and its results are very close to the more restricted SM calculations in Ref. [23] .
The seniority mixing between the neighboring 4 The full 2Bf p replicates the splitting, but possibly at the expense of excessive intruder admixtures which distort the spectrum, see also Ref. [27] . The 3Bf 7/2 is the best in reproducing the experimental spectrum, Fig. 1 . The 3Bf 7/2 model predicts seniority mixing; the ν(4 The data is taken from [31] . The zeros in the second column for the 2Bf 7/2 model are the results of the mid-shell seniority selection rules. In this model the states 21, 22, 41, and 42 have seniorities 2, 4, 4, and 2, respectively, see Tab. 1.
( * ) In 2B f 7/2 p and 2Bf p models we use 0.5 (neutron) and 1.5 (proton) effective charges. The overall radial scaling is fixed by B(E2,21 → 0).
(1) The life-time error-bars are used. (2) There are conflicting experimental results on the life-time; here we use DSAM (HI, xnγ) data from Ref. [31] , which is consistent with [30] . two-body shell models beyond single-j f 7/2 are used to explain this seniority mixing [11, 12, 17, 18, 23] , however there are inconsistencies, suggesting a more in-depth consideration. Large variations of effective charges are needed to explain electromagnetic transitions [30] . The particle transfer spectroscopic factors show excessive amount of components outside the f 7/2 valence space [15] . Furthermore, while going beyond the single j-shell is imperative to account for the observed g factors [22] , the agreement between the experiment and the common large-scale shell model results is not perfect, Ref. [27] , which may be a hint for the presence of a three-body force.
In Tab. 4 B(E2) transitions rates from the four models are compared to experiment. The combination of nuclear radial overlap and effective charge is normalized using the observed E2 rate for the transition 2 1 → 0 in the 2Bf 7/2 , 2Bf 7/2 p, and 2Bf p models. The normalization parameter for the 3Bf 7/2 model is identical to the one used in 2Bf 7/2 . The insignificant difference in 2 1 → 0 B(E2) between the 3Bf 7/2 and 2Bf 7/2 shows a small admixture of ν = 4 in the 2 The last row in Tab. 4 compares the quadrupole moment of the first 2 + state in 52 Cr between models and experiment. It is quoted in units of e fm 2 . Because of the seniority selection rule the quadrupole moment is exactly zero in the 2Bf 7/2 model; the small seniority mixing between 2 + states in the 3Bf 7/2 model leads to the quadrupole moment of a correct sign but it is lower than the observed one. The results from extended two-body models in Tab. 4 and in the literature [32, 33, 35] improve the picture. However, strong configuration mixing is needed to generate seniority mixing which is inconsistent with g factor measurements [27] and results in a quadrupole moment higher than observed. This again invites the possibility of an additional three-body Hamiltonian.
In Tab. 5 proton removal spectroscopic factors are compared between theoretical models and experiment 51 V( [15] . Within error-bars of about 0.1 this data is consistent with other results [31] .
spectroscopic factors for the 4 + states probe the ν = 2 component, and, thus, their sum within the f 7/2 valence space is 4/3; this result is consistent with the observation [15] but does not support too much configuration mixing from outside the f 7/2 shell which would reduce the spectroscopic factors and their sum.
To conclude, the study of nuclei in 0f 7/2 shell shows evidence for three-body forces. We extend the traditional shell model approach by including three-body forces into consideration, we find that a successful set of interaction parameters can be determined with an empirical fitting procedure. With a few new parameters a sizable improvement in the description of experimental data is obtained. The apparent hierarchy of contributions from one-body mean-field, to two-body, to three-body and beyond is significant; it assures the possibility of high precision configuration-interaction methods in restricted space and supports ideas about renormalization of interactions. The three-body forces observed in this study appear to be isospin invariant. The new Hamiltonian with three-body forces describes well the observables that are sensitive to such forces and to seniority, and particle-hole symmetries that are violated in their presence. A good experimental agreement is obtained for the features of spectra, for electromagnetic E2 transition rates, and for spectroscopic factors. While good agreement with experiment can also be obtained by configuration mixing within some advanced large-scale two-body shell model calculations, it appears that the three-body effective interaction has a somewhat different manifestation which can be experimentally identified. In particular, with the three-body force, the seniority forbidden transitions become allowed without generating excessively large quadrupole moment or, in the case of spectroscopic factors, without loosing too much strength away from a single-j shell. Unlike the fit to experimental data discussed in this work, it appears to be difficult to fit the large-scale shell model results with a single-j Hamiltonian containing a three-body force. This again suggests that configuration mixing in not necessarily equivalent to a threebody force. The work in this direction is to be continued. It is important to conduct similar phenomenological investigations for other mass regions and model spaces; on the other side, renormalization techniques that would link fundamental and phenomenological forces [5] have to be searched for. * * * The author is thankful to N. Auerbach and V. Zelevinsky for enlightening discussions. Support from the U. S. Department of Energy, grant DE-FG02-92ER40750 is acknowledged.
